
What ULF Waves Affect 
Radiation Belt Electrons?
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Stability of Charged Particle Motion in Earth’s Field
A charged particle trapped in the geomagnetic field exhibits three quasi-periodic motions, 
each associated with an adiabatic invariant:
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Northrop, T. G., and Teller, E. (1960), Stability of the adiabatic motion of charged particles in the 
Earth's field. Physical Review, 117, 215.
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[Baker et al., 2004]

Electron Acceleration and Transport

If all three invariants are conserved particles are bound to their drift shells. Dynamic variability 
of particle fluxes across the belts  require violation of one or more of the invariants.

Global Mechanisms brake the third invariant (Φ) and drive radial transport of electrons 
across their drift shells. Inward transport to the regions of higher magnetic field intensity 
cases “adiabatic” acceleration of particles due to conservation of the first (μ~K⊥/B) and the 
second (J) invariants.

Local Mechanisms accelerate particles directly by violating the first invariant (μ). 
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Different Types of Radial Transport

courtesy of B. Kress [Roederer, 1968]

Fast Transport: τ≲TD

Large-amplitude magnetosonic sonic waves due to interplanetary shock arrivals;
Magnetic field dipolarization during large substorms;

Slow Transport: τ≫TD

In the absence of large-amplitude perturbations in the electric and magnetic fields 
stochastic radial transport can be driven by resonant interaction of electron 
gradient-curvature drift motion with ULF plasma waves;
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Pc4-5 Waves in the Inner Magnetosphere

External Energy Source (m<10)
Driven by variability of solar wind parameters and the magnetopause, e.g. the Kelvin-
Helmholtz instability, variations in the dynamic pressure.

Internal Energy Source (m=40-120)
Low-frequency instabilities of hot plasma, e.g drift-mirror instability or ring current.

Pc4: 7-22 mHz
Pc5: 2-7 mHz
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Stochastic Radial Transport due to Nonlinearity

Δω 

4Ω 

resonance 
overlap
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Random wave fields are not required for the onset of 
stochasticity of particle motion. Provided that the wave 
amplitude is sufficiently large, particle populations 
trapped at adjacent resonant harmonics overlap and 
thus undergo phase mixing resulting in stochastic radial 
transport.

2π/ωD≪τcorr≪Tdiff

f(J,θ)→f(J)
At the timescales much greater than phase correlation 
decay transport can be described by a Fokker-Planck 
equation. 

Pdyn=∑Pksin(ωkt); Prms=0.5 nPa
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Hughes, 1994]. Root‐integrated power (RIP) is shown on
the color scale and is integrated over the driving band,
which we define as a 1 mHz frequency band centered on the
driving frequency. Thus, for the 10 mHz simulation, the
driving band is [9.5, 10.5] mHz. Figure 3a shows a GSM
equatorial plane cut of the driving band RIP and the black
contour is a snapshot of the magnetopause, determined by
a field line tracing algorithm [Wiltberger et al., 2005]. The
x and y axes are shown in black with 5 RE spaced tick
marks and the sun is to the right. The black disk at the
origin is the LFM inner boundary, located at 2.2 RE. Note
that the bow shock is resolved as the transition from posi-
tive wave power in the magnetosheath to zero wave power
in the solar wind. The bow shock intersects the x axis at
roughly 12 RE and the magnetopause intersects at roughly
9 RE. In Figure 3a we see a strong amplitude oscillation in
Er along r ! 7 RE on the dayside. Note that the Er oscil-
lation amplitude along r ! 7 RE is essentially zero at the noon
meridian. These features in Er, shown here in the 10 mHz
simulation, will be identified as the signature of a toroidal
mode field line resonance.

[20] Field line tracing algorithms for the LFM simulation
[Wiltberger et al., 2005] allow us to extract Alfvén speed
profiles along closed geomagnetic field lines in the simu-
lations. From these Alfvén speed profiles, we can compute
estimates to the natural oscillation frequency for a given
field line. For example, the WKB estimate to the field line
eigenfrequency is given by [Radoski, 1966]
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Here, n is the harmonic number of the FLR, s is the arc
length along the field line, and the integration is carried out
from the southern field line foot point (S) to the northern
foot point (N). This estimate to the field line eigenfrequency
is essentially the inverse of the travel time for an Alfvén
wave propagating along the magnetic field line to bounce
off the reflecting ionospheres and return to its starting point
[Radoski, 1966; Warner and Orr, 1979]. It is a good approx-
imation for the higher harmonics (large n) and predicts a
value about 20% higher than the actual fundamental mode

Figure 3. Summary of results from the 10 mHz monochromatic simulation. (a) Equatorial plane dis-
tribution of driving band ([9.5, 10.5] mHz) Er root‐integrated power (RIP). (b) Distribution of driving
band Er RIP in the 15 LT meridional plane. The white field line is field line A in the 10 mHz simu-
lation, and the black field line is the last closed field line in the 15 LT meridional plane. Field line A
intersects the equatorial plane at r = 7.1 RE on the 15 LT meridian. (c) Distribution of driving band B’

RIP in the 15 LT meridional plane. The same two field lines from Figure 3b are shown. (d) Radial pro-
file of Er power spectral density along the 15 LT meridian. The dashed white traces are the field line
eigenfrequency profiles (dipole estimate) and the location of the magnetopause is indicated by the white
shaded region near 10 RE. The n = 1 WKB eigenfrequency estimate is also shown for comparison (solid
white trace). (e) Er (solid blue) and B’ (solid green) mode structure profiles along field line A. The two
solid traces can be compared with Figures 3b and 3c, where field line A is shown in white. The dashed
traces are the theoretical mode structure profiles for fundamental toroidal mode FLR oscillations in Er
and B’ and are discussed in greater detail in section 4.1. Note the fundamental toroidal mode field line
resonance excited near r = 7.1 RE across the entire dayside, excluding near the noon meridian.
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Radial transport across the outer belt can be driven 
by a variety of ULF waves induced by SW and ring 
current instabilities. Transport exhibits large deviations 
from radial diffusion, which may account of the 
observed nonlinear response of electron fluxes to 
geomagnetic activity: even similar storms can produce 
vastly different radiation levels across the belt .

Non-diffusive Transport 
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transport

Solar Wind Driven ULF Waves

Pdyn Waves [Claudepierre et al., 2010]

Wednesday, May 23, 12



Stormtime Pc5 Waves

Wednesday, May 23, 12



Field-Aligned Structure of Stormtime Pc5s

[Takahashi et al., 1984]

Observations of symmetric wave fields have been attributed to:
(1) Linear effect: drift-compressional instability [Cheng and Lin, 1987]
(2) Nonlinear effects of ring current ions interacting with the primary drift-mirror mode 
[Southwood and Kivelson, 1997]

Stormtime Pc5 waves observed at frequencies 0.2-6 mHz have dominant have dominant asymmetric 
component and secondary symmetric component and double the frequency.
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1. The wave activity extends over Δφ of the duskside controlled by the instability responsible 
for their growth.
2. It consists of random field structures with the azimuthal extent δφ=2π/m and varying 
radial extent δL, such that δLrms=Lδφ.
3. Field amplitude at different structures is distributed randomly, such that: ⟨E⟩=0, ⟨E2⟩=(Erms)2.
4. The structures drift westward at the gradient-curvature drift of the ring current ions. The 
activity is maintained due to new unstable ring current ions injected into the region. 

Electron Transport Stormtime Pc5s
Erms=2mV/m; Ke=1 MeV; L=5; m=50; Δφ=π/2; Ki=0.1 MeV

Wednesday, May 23, 12



dR

dt
= c

E⇥ b̂

B
+

µc

�e

b̂⇥B

B

Equatorial Wave Properties Determining Interaction

m          - azimuthal, wave number, needs to be ≲ 10 for drift resonance;
Em(φ,r)  - wave amplitude varying in MLT and L;
ψm(φ,r) - phase coherence of the wave field;
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The bounce frequency of relativistic electrons (1-10 Hz) greatly exceeds the frequency of Pc5 
waves. Consequently, field-aligned profiles of the wave fields can be considered stationary on the 
timescales of the electron bounce motion. Thus, only the waves with symmetric latitudinal 
profiles of transverse electric fields can produce a net change of electron energy.

Field-Aligned Wave Properties Determining Interaction
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